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Hexait ToukoBi mKepena CHIOBOro (Hi3UIHOTO Let the point sources (Charges) q,, 4, of a
nonst (3apsaM) ¢, ¢, 3akpimeni Ha oci Oz physical force field fixed on Oz -axis of the inertial
inepuianbHoro Tpurpananka OXyz Ha BiACTamsX | trihedron Oxyz be /,, I,- distant from the origin O,

I, 1, Binfioro navana O, a q;, g, —Haoci Oz, | and let the sources ¢, g, fixed on O,z, -axis of the
tpurpannnka O,x,y,z, Ha Bincrawsx Iy, [, Bin | trihedron O,x,y,z, be I, I,-distant from the origin

Hadana O;, pO3TAalIOBAHOTO y LEHTPi Mac O, coincided with the free body mass center (Fig. 1).
BUIBHOTO Tina (puc. 1).

3aKkOHOM  TOTeHLianbHOI  eHeprii  mapHoi
B3a€EMOJIIT KOKHOTO HEPYXOMOIO JpKepena 3
KOXKHAM  JDKEpelloM  Ha  BUIBHOMY  Tijii
BB2XaTUMEMO 3aKOH 0OEpPHEHOI BiZICTaH1 MiK HUMH

(R, R,, R,;, R, wa puc.1). Momy Bimmosinaiots

The inverse distance (R,;, R,, Ry;, R,, in fig.1)

law of interaction between any immobile source and
a source fixed on the free body is considered as the
potential energy law of any pairwise interaction. This
is in agreement with Newton’s law of gravity and

Coulomb’s law in electricity. Arbitrary values and

3akoHu Heiotona 1 Kynona. JIoBUTbHICTh BETUYHH 1 signs of charges ¢, and distances li (i=1,...,4) allow

3HAKiB 3apafie g; Ta Bigcramedt [ (=1,...4) modeling both central force fields (e.g. gravity or

JI03BOIISIE  MOJICTIOBATH SIK LEHTPATbHI CHIOBI | electrical field) and non-central ones e.g. magnetic
nosi, (HAMH MOXyTb OyTH rpaBiTauiiiHe abo | fields. In the last case the condition of zero sums of
CJICKTPUYHE I0JI¢), TaK 1 HELEHTPAIbHI, SKUM € | the immobile charges pair and free body’s charges
mone  MarHitHe. JUisi  MarHiTHOI  B3a€MOZII | pair must be satisfied.
HEOOXiZHO ~BHMKOHATH YMOBY HYNBOBHX CyM Then the point charges system represented in
HEPYXOMHX 3apsA/IiB 1 3apsi/liB BUILHOIO TiNa. Fig.1 can be corresponded with two arbitrary
Toxni cucrema TO4KOBHX 3apsiiB Ha pHC. 1 | removed magnets or two long cylindrical magnets
BIANOBiZaTHME a00 BigjaleHUM Marditam abo | [1,2].
JIOBI'MM HaMarHideHuM utinapam [1,2]. At that the dipole interaction is determined by
Humnosnbna B3a€MOJLs BU3HAYaTUMETBCA | zero distance between the pair of immobile charges
HYIIBOBOIO BiJICTaHHIO MK HEPYXOMHMH 3apsfiaMH | and the body’s pair of charges and along with that the
1 3apsgamMu BUIBHOTO Tila, axe OOMEXCHON | product values of charges and corresponding
BEIIMYNHOI JOOYTKIB 3apsiliB Ha BiACTaHb MIX | distances must be bounded above. The distances
HUMH. Y BUIAJKy JOBIUX HAMArHIYCHHUX IWIHAPIB | between immobile charges pair and body’s charges

BIICTaH1 MUK BIAIIOBIAHUMHU MapaMH 3apsA1B € | pair are non-zero and bounded above in a case of long
HEHYJBOBI 1 00MeKeH]1 3BepXy BEITMYHHHU. cylinders.
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Puc. 1. Fig. 1.

Hexaii cremedsmu cBOOOIM BUIBHOIO TiJIa €
JeKapToBi KoopauHatH X, ), z Toukn O, Ta
kytu Einepa-Kpunosa o, 3, ¥, 110 BU3HAYAIOTh
HpOCTOpOBY opieHTanito TpurpanHuka O, x,y,z,
BisHOCHO OXyz. ToMi, BAKOPHCTOBYIOUH MATPHIIIO

HaIpaBJIAIOYNX KOCHHYCIB (IuB., Hampukiam, [3])
Ta 3aKOH 00epHEHOi BiJICTaHI B3aEMOJIIi BBEICHUX
3apsfiB, IS MOTEHIIAIbHOI €Heprii BUILHOTO Tijia
MOJKHA OTPUMATH BUPA3:

U=q1q3((x+l2 sin/a’)2 + (y—l2 sinozcos/a’)z +

1/2

+(z—l1 +1, cosacos[v’)z) +
+q1q4((x—l4 sin/a’)2 +(y+1, sinoccos/a’)2 +

1/2
+(z—ll—l4cosacosﬁ)z) + (1)
+(12613((x+lz Sifl/J’)z +(y—l2 sinozcos/a’)2 +

1/2

+(z+1 +1, cosacosﬁ)z) +

+6]26]4((x—l4 sin ) +(y+1, sinacos B )
1/2

+(z+l3 -1, cosacos/a’)z)

Let the Cartesian coordinates x, ), z of point
O, and Euler-Krylov angles a, f#, y determining
space orientation of O,x,y,z, trihedron connected

with free body relatively to the inertial Oxyz

trihedron be chosen as six degrees of freedom of the
free body. By applying the matrix of direction cosines
(see e.g. [3]) and the said inverse potential energy law
of pairwise interaction introduced above, for the
potential energy of the free body we can obtain:

U=q1q3((x+l2 sin 8 +(y -1, sinacos B) +
1/2

+(z—l1 +1, cosacosﬁ)z) +
+q1q4((x—l4 sin/a’)2 +(y+l4 sinoecos/a’)2 +

1/2
+(z—ll—l4cosacos/3)z) + (1)
+QzCI3((x+lz Sin/)’)2 +(y—l2 sinotcosﬁ)2 +

1/2

+(z+1, +1, cosacosﬁ)z) +

+612614((x—l4 sin ) +(y+1, sinacos 8 )
1/2

+(z+l3 -1, cosacos[)’)z)

®opmyna (1) Ta 3aKOHU KIACHMYHOI MEXaHIKU
[3,4] mO3BONAIOTH OTPUMATH PIBHAHHSA PyXy
BIIBHOTO Tina. SIKIIO AWHAMIYHAMH 3MIHHAMH €
y3araibHeHi KoopauHaTH (cTemeHi cBobomm) i
y3arajgbHeHi IIBUAKOCTI, 3pPYyYHO BHKOPHCTATH
piBastHHS ~ Jlarpamka Ta  Bigomi  dopmyam
KIHeTHYHOI eHeprii BinpHOro Tima. B Meroni
Hetorona-Eiinepa 3amicTh 4YacTHHHM IIBUAKOCTEH
BHKOPHUCTOBYIOTh  TPOEKINi BEeKTOpa KYTOBOL

Formula (1) and laws of classical mechanics [3,4]
allow deriving the free body motion differential
equations. If generalized coordinates (degrees of
freedom) and generalized velocities are chosen as
dynamic variables, it is proper to use the Lagrange’s
equations and known formulae for kinetic energy of a
free body. To apply the Newton-Euler method
angular velocity vector projections onto free body’s
axes are commonly used instead of part of
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IIBAJIKOCTI BIJIBHOIO TiJIa Ha 3B’s13aH1 3 HUM OCI.
CkopuctaBmuchk merogom Heiotona-Eitnepa i

¢opmynoro (1), MoOXHa  OTpHUMAaTH  TaKy

KOHCEPBAaTUBHY TUHAMIYHY MOJIEIh BUTHHOTO Tijia:

generalized velocities.

The following conservative dynamic model for a
free body is derived from the Newton-Euler method
and formula (1):

2 2
d”x _Aa_u dy__Aa_u

b

dr’ o’ dt ay
d*z B a_u
dr’ oz’
dn 0
—L +knyn, =4, —u,
dt ox,
d 9
™ —knny = -4, _1/1’
0x;
dn,
— =0, 2
It ()
dx, . dx;
N, = COS X COS X, i +sin x; i
. dx, dx;
n, = —COS X Sin x, A + COS X, 0
. dx, dxg
Ny, =Ssinxs— +—.
dt dt

2 2
dx__Aa_u dy__Aé_u

b

dr’ o’ dit ay
d’z _0u
dr’ az
dn ad
—L +knyn, = -4, L
ox,
d ad
- —kynyny = -4, _u’
dt 0x;
dn,
—=0, 2
” 2)
dx, . dx;
N, = COS X5 COS X, A +sin x, I
. dx, dx;
n, = —COS X Sin x, A + COS X, —
. dx, dxg
ny =sinx, — + —-.
dt dt

2 3.2 Y!
napaMmeTp, o MM03HAYa€e BiJHOIICHHS XapaKTEepPHOI
EHeprii TmoJiT 0 XapaKTepHOiI KiHETHYHOI eHeprii

pyxy ml*w’(l=max/l, -

MOCTYIAaJIbHOTO
i=l,...,4

XapakTepHa JOBXHUHA, ¢ = max|ql.| - XapakTepHa
i=l,..4

a0COJTIOTHA BEIMYMHA 3apsay, 7 — Maca BUTBHOTO
. -1 .
Tina), k, = (I ;=1 )ll — BIJHOIIEHHS TOJIOBHUX

LEHTPaIbHUX MOMEHTIB iHepIii BIIBHOTO TiNa
(B34TO BHIAJOK IMHaMiyHOI cumerpii [, =1,),

I,,1, — nBa TONOBHI IEHTPaTbHI MOMEHTHU iHEpIii

. . 2 25-1 .
BineHOro Tima; A, =q ({,/w”)” — BigHOMmCHHS

XapaKTepHUX €Heprii moist Ta KiHeTWYHOi eHepril
oOepTaHHs 3 MOMeHTOM iHepwii /,. PiBHsHHS (2)

CTOCYIOTBCSI ~ BUNAJIKy  PO3MIIICHHS  3apsiB
BUIBHOTO Tijla Ha OCi HOTr0 MTUHAMIYHOT CIMETPIi.
Cucrema (2) mocuTh CKJIamHa s aHaizy
BIIOMMMHY  aHAIITAYHUMM  METOAAMH. buIbll
3py4Ho ckopuctatucb CAS Maplell [5], mo
JIO3BOJISIE OTPUMATH YHCETbHI PO3B’SI3KH 3amadi
Komui i OynyBatu ¢a3oi noprperu. He npuBoasun
TEKCT BiJIIIOBIIHOI NpoTrpaMu Jjsi €KOHOMIi MicIis,
TIPUBEIEMO NIesKi pe3yibTaTi Maple-anamizy.
Crouatky 1mpo 3amady JBOX Til. Y IbOMY

L.
here x, =a,x; =B ,x, =7, A=q2(ml3w2) is
the ratio between the characteristic force field energy
and characteristic kinetic energy ml/ *w? of the free

body forward motion (/ = max/; is the characteristic
i=l,...4

.....

quantity of charge, m is the free body mass),

k, = (I ;=1 )Il_1 is the ratio between main central
moments of free body inertia (the case of dynamic
symmetry [, =1,), parameters /,,/, are two main
center  moments  of body inertia;
A =q (I Iw*)" is the between the
characteristic force field energy and characteristic
kinetic energy of free body rotation with 7, as

free
ratio

moment of inertia. Equations (2) are proper when the
free-body pair of charges is placed on a body’s
dynamic symmetry axis.

System (2) is too complicated to be analyzed by
the known analytical methods. It is more convenient
to use CAS Maple 11 [5] capable of deriving
numerical solutions for the Cauchy problem and to
plot phase portraits. Omitting Maple-script source, we
present some results of the Maple-analysis only.

The first to discuss is the classical two-body
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BUIIAAKYy (¢; € ab0 TOYKOBUM CJICKTPUIHUM

3apsamoMm, — abo Sxmo

l] =O7lz =O’Q1 =ml’Q2 =O’q3 =m2’q4 =0’

TOYKOBOIO Macoro.

m = m,, Gopmyna (1) maTume BUIIIAA:

m,my

Us-—— 2 3)

VxXP+yi+ 27

problem. In this case ¢, is either point electrical
[,=0,1,=0,
g, =my, q,=0,q9,=m,, g, =0,m=m,, (1) can

charge or point mass. If

be reduced to expression:

mms

Us=-—= 3)

NP+ yi ez’

1 IS BIATIOBITHUX ITOYATKOBHX YMOB 3aJICXKHICTH
BIJICTaHi J0 IEHTPY NPUTATAHHSA K QYHKIIA 9acy
MaTUME BHIJIS], [IOKAa3aHUH Ha pHC. 2.

and for corresponding initial conditions dependence
of free point distance to the attractive center versus
the time will be plotted as shown in Fig.2
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Puc. 2. Fig. 2.

[TporunexHi 3Haku 3apsaiB y popmyni (3)
BIJIMOBIAAOTH BIJJOMIid 3a/1a4i po3ciroBaHHS. Y
BHIANKYy «rpaBiiera» bemenpkoro B.B. [6] Maemo
BUIBbHY ’KOPCTKY 3B’sI3Ky IBOX TLI Mac m,, M, , IO
PYXacTbCs HABKOJIO HEPYXOMOI Macu ;. Inmmm

BapiaHTOM € pPyX BUIBHOI Macu m, B IO

HEPYXOMOi 3B sI3KM Mac M, Ta m,. Bci ni Bapiantn
TaKOXX OXOILTIOIOTHCS OTPUMAHOI0 MOS0 (2) 3
MoxIHBICTIO 11 Maple-anamnizy. st pyxy BiIbHOTO
TiJla 3 MarHiTHOK B3a€MOJII€I0 JIOBTUX IMJIIHAPIB
(3amawa  «mgBox  MarHiTiB» [1]) HeoOximHO
32JI0BOJIHUTH YMOBaM HYJIBOBOI CYMH 3apsimiB i y
dopmymni (1) noxnactu [, =/, q, =0,x, i =14,
o, =1mai=2310,=-1 g i=14. esxi

pe3yapTaTH YuceNbHOTO Maple-aHamizy miei 3amadi
HaBeZleHi Ha puc.3.4.

Opposite signs of charges in expression (3)
correspond to the classic scattering problem. In the
case of Beletskiy’s “gravity flyer” problem of [6] two

strictly connected masses m, and m, move in the
immobile mass m, gravity field. Another version is a
free point mass m; motion in the gravity field of two

strictly connected masses m, and m,. All these
variants are also enveloped by the obtained free body
dynamic model (2) that can be analyzed by CAS
Maple. In order to consider the problem of free body
motion with magnetic interaction of long cylindrical
magnets (the “two-magnet” problem [1]), one can

give conditions: /, =1,q, =0,x,i=1,4, 0, =1 for
i=23 and 0, =-1 for i=1,4. Some results of

numerical Maple-analysis for this problem are plotted
on Fig. 3 and Fig. 4.
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Puc. 4. Biacranp nmenTpa Mac 10 IeHTpa

Puc. 3. TpaekTopis neHTpa Mac BUIBHOTO TijIa B .
NPUTATAHHA K QYHKILIS 4acy
HOJISIPHUX KOOPAMHATAX . . .
. . Fig. 4. The centre mass distance to the attractive
Fig. 3. Free body mass centre trajectory polar plot .
centre versus time

YacTUHHAM BHIIAJKOM 3a1a4l JBOX MArHiTiB € The partial case of the “two magnets” problem is
dipole interaction investigeted by Tamm [7] and

IUTIONIbHA B3aEMOJiS, SKa IOCHIDKYBalach y
poborax Tamma [7] 1 I'im36ypra [8]. dna nporo | Ginsburg [8]. In this case one must assume/ — 0,
Heobximno nokmactu [ — 0, 2l = p, ne p - | 2l — p, where p is the dipole magnetic moment

and this allows derivation of the non-dimensional

MarHiTHUA MOMEHT IHIIONS, [0 NPUBOIUTH 0
TaKOro BUpa3y I 3HEPO3MIPEHOI MOTEHUIANbHOI | expression for the free body potential energy:

eHeprii:
u=- (3yzsinacos/3 + U=- (3yzsinacos/a’ +
(x2+y2+z )/2 (x2+y2+z )/2
+ (x2 +y? =277 ):osa cos B —3xzsin/5) 4) i+ (x2 +y? =277 ):osacos[)’ —3xzsin/3’) (4)

JumnonbHA 3aKOH B3aeMopii Ta woro Maple- The dipole law and its Maple-analysis by some
po3B’sa3ku 3ana4i Ko moka3sani Ha puc. 5, 6. plots of the Cauchy problem are shown on Fig. 5, 6.

El‘f B
0.14 A
]
' 0,057 ]
: %1 55
il I
G— 1 1 1 1 1 1 1 1 1
i 3

] 2

-0.05+
‘ Puc. 6. Fig.6
Puc. 5. Fig.5
Fig. 5 demonstrates falling on the attractive

Puc.5 BiamoBimae mamiHHIO Ha  LEHTP
MpUTATaHHS, a puc. 6 — posmiTanHiO y Bumanky | centre and Fig. 6 shows solution resulting into
dispersion in a case of repulsive forces.

BiJIIITOBXYBaHHS.
Takum umHoMm, Mmoxenb (1)-(2) Ta Maple- Therefore, the obtained dynamic model and
IHCTpyMeHTapiil T03BOJAIOTh aHamizyBath ckiandi | developed Maple-simulation tools allow analyzing
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3a/1a4i JUHAMIKH BUTBHOTO Tijla B TpaBiTaIiitHOMY,
CJIEKTPUYHOMY 200 MarHiTHOMY TOJISIX.

ABTOp  BHCIOBIIIOE  TOISKY  Hpodecopy
Kozopizy B.B. 3a moctaHoBky 3amadi i KOpHCHI
MOpaJIy.

complex nonlinear problems of the free body
dynamics in gravitational, electric or magnetic fields.
The author acknowledge professor
Kozoriz Vasyl’ for the statement of the problem and
useful discussions related to the two-body problem.
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